Abstract: Metallic helix metamaterial has been demonstrated to show strong circular dichroism and is promising for photonic applications such as broadband circular polarizers. In this paper, we present the analysis on the resonances of gold helix metamaterials by dipolar interactions and hybridization and discuss the origin of the broadband feature. Coupling effects among induced dipoles in the helices are examined by the current and field distributions of a single-helix metamaterial. Such analysis is also applied to explain the geometry-dependent resonance of a double-helix metamaterial, and optical properties are discussed. Our analysis provides a physical understanding of the resonant behaviors that can guide the design of metallic helix metamaterials and manipulate their resonant properties.
Introduction
Metallic chiral metamaterials have recently attracted much attention as they demonstrate many interesting optical properties. The optical properties of chiral metamaterials exhibit a mixture of responses from electric and magnetic dipoles induced by the light field, leading to many exotic phenomena and applications [1] - [8] . As such, a chiral structure normally exhibits strong circular dichroism; for example, a metallic helix array has been studied extensively for the application of circular polarizers [2] . Previously, chiral metamaterials consisting of a metallic helix array have been studied from many aspects, including the dependence of optical properties on geometry and excitation conditions [9] , [10] , design of circular polarizers in various spectral regimes [11] , [12] , and with an improved extinction ratio and eliminated polarization conversion [13] , [14] .
While most of the studies focus on the spectral responses of the helix metamaterials with various geometries, however, the coupling of fields and resonances of the helix metamaterials have not been discussed. The study of a free-standing metallic helix interacting with axial excitation initiates from the end-fire helical beam antenna, which is widely used in microwave wireless local area network (WLAN) [15] . As this structure is scaled down and the operation range approaches optical frequencies, the plasmonic effect comes into play, and field can be confined to the subwavelength structure [16] , [17] . Therefore, field coupling inside a helix is pronounced, similar to coupling between electric dipoles as described in metallic nanoparticles [18] or coupling between magnetic dipoles as discussed in chiral metallic nanostructures [19] . It has been shown that the coupled plasmon modes of metallic nanostructures exhibit the same manner as overlapped atomic orbitals in molecules presented by hybridization in molecular orbital theory [20] . By applying a plasmon hybridization model, electric plasmon responses have been studied in several configurations, such as in nanoshells [21] , nanoparticle assemblies [22] , [23] , and nanorods [24] . Magnetic plasmon hybridization is also discussed in structures supporting magnetic plasmon modes, such as in split-ring resonators (SRRs) [25] , [26] , fishnet metamaterials [27] , and trilayer nanostructures [28] . Plasmon hybridization has been exploited as a powerful model to understand the plasmon responses, which further enables manipulation and experimental realization of nanostructures with optimized optical properties.
In this report, we present the analysis on the resonances of gold helix metamaterials by dipolar interactions and hybridization. Under the excitation of the incident light field, both the electric and magnetic dipoles are induced in the helix, and coupling between these dipoles leads to hybridization of modes. We present the hybridization of plasmon modes of a single-helix metamaterial and analyze coupling among induced dipoles by examining the current and field distributions. The origin of the broadband feature of a metallic helix metamaterial is explained, and the optical properties of a doublehelix metamaterial are discussed based on dipolar interaction. While the computation of 3-D helix metamaterials can be quite intensive and the responses are normally obtained by numerical methods, the dipolar interaction and hybridization model presented in this study provides a simple and intuitive explanation for the resonance behaviors of helix metamaterials. Fig. 1 shows the structure of the right-handed helix metamaterial under study with helix diameter D, wire diameter d , pitch height p, and pitch number n. The helices are arranged in a 2-D square lattice with period a. Full-field electromagnetic wave calculations are performed using a 3-D software package, i.e., Lumerical FDTD Solutions [29] , which is based on a finite-difference time-domain (FDTD) method. The current distributions can also be calculated by the software, given the dielectric function of the material. The periodic boundary conditions for the 2-D lattice and perfectly matched layers (PML) boundary conditions in the third dimension are employed. A conformal mesh adapted to the spatial structure with a mesh size ranging between 10 nm and 60 nm is applied, in which a mesh override region with a uniform mesh size of 10 nm is defined enclosing the metal structures. In this paper, we emphasize on the incident field that exhibits strong resonance with the structure, i.e., righthanded circularly polarized light is used to examine the resonance in the right-handed helix metamaterial. To describe the dispersion properties of gold, the Lorentz-Drude (LD) model is adopted, and the dielectric function can be expressed as [30] 
Numerical Calculation Setup
where ! p is the plasma frequency, f 0 is the strength, and À 0 is the damping constant in the Drude term. The Lorentz terms are expressed by the number of resonances k with frequency ! j , strength f j , and 
Results and Discussions
We first examine the resonances of the single-helix metamaterial by varying pitch number n, as shown in Fig. 2 . The dips in the spectra manifest the character of the resonance. One resonance ! 0 is observed for a helix with a half-pitch ðn ¼ 0:5Þ. As the pitch number increases by an integer multiple of a half-pitch, this degenerate resonance splits into several modes: two resonances for
The results suggest that a half-pitch helix can be considered as a basic element (i.e., a meta-atom) and that a helix with one pitch can be constructed by two half-pitch helices stacked vertically along the helix axis (z-direction). The two stacked elements are thus bonded to a Bhelical meta-dimer,[ and the resonance modes are coupled, which leads to hybridization and the splitting of resonance. Two new hybridized modes ð! d 1 ; ! d 2 Þ then occur, exhibiting symmetric (bonding) and antisymmetric (antibonding) properties. The bonding mode undergoes a red-shift, while the antibonding mode moves to a higher frequency.
To gain more insights into the underlying physics of the coupling effect in the helix, we analyze the current and field distributions (H and E ) for n ¼ 1 at ! d1 in Fig. 3(a) and ! d2 in Fig. 3(b) . It can be observed that the direction of current exhibits symmetric and antisymmetric characteristics at ! d 1 and ! d 2 , representing the bonding mode and the antibonding mode, respectively. Magnetic dipoles , which are associated with the induced current at the upper-half and lower-half helices, are depicted by arrows, exhibiting symmetric and antisymmetric properties as well. The nodes of current imply the positions where charges accumulate, as shown in the electric field distribution in Fig. 3 , with the corresponding electric dipoles p illustrated. Due to the helical geometry, the induced dipoles, in general, are not aligned with the helix axis but have an angle ' with respect to the axis. Therefore, the dipole-dipole interaction in the helical meta-dimer is contributed from the coupling along the helix axis (longitudinal dipole coupling) and the off-helix axis (transverse dipole coupling). For longitudinal dipole coupling, the parallel dipoles are attractive, while the antiparallel dipoles are repulsive [31] . The former results in a red-shift of the resonance, while the latter leads to a blue-shift. However, for transverse coupling, the situation is reversed, in which parallel dipoles tend to a blueshift of the resonance. As a consequence, the red-shift of the resonance observed in the bonding mode at ! d 1 results from the magnetic dipolar interaction in both transverse and longitudinal components. Only a single electric dipole p 0 is exhibited, which also contributes to the frequency shift due to the difference in dipole strength in comparison to an uncoupled one. The blue-shift of the resonance of the antibonding mode at ! d 2 can also be explained, where both the electric and magnetic dipole interactions lead to a frequency shift to higher frequency.
The optical properties of a one-pitch helix comprised of two vertically stacked half-pitch helical units are similar to those of the 180 twisted SRR dimer [32] . However, the dipoles are nonparallel for a helical unit, and both the transverse and longitudinal dipolar interactions need to be taken into account. Furthermore, the two half-pitch helical units are connected in the helical meta-dimer, and such contact efficiently enhances the electromagnetic interaction through the current flowing from one half-pitch unit to the other [25] , [33] . In the helical meta-dimer, the current flows from one halfpitch to the other in the bonding mode at ! d1 , but not the antibonding mode at ! d 2 . The current exchange enhances magnetic dipole-dipole coupling and the strength of the electric dipole of the bonding mode. This enhancement gives rise to a bigger frequency shift for the bonding mode than for the antibonding mode.
To exemplify the effects of dipolar interaction and hybridization on the resonance, the resonance behaviors of the single-helix metamaterial under various geometrical parameters are numerically analyzed. We first calculate the single resonance of a half-pitch ðn ¼ 0:5Þ helix metamaterial and then examine the resonance splitting as well as the frequency shift of a one-pitch ðn ¼ 1Þ helix metamaterial. Helix diameter D and pitch height p are varied as to adjust dipole arrangements, and resonance behaviors are examined. Fig. 4 shows the spectra for n ¼ 0:5 and n ¼ 1 while varying helix diameter D (600, 900, 1200 nm) and pitch height p (1200, 1600, 2000 nm). For n ¼ 0:5, one can see that the spectral position of the single resonance highly depends on helix diameter D following the antenna theory [15] . The resonance is red-shifted while increasing D, as shown in Fig. 4(a) , whereas no obvious shift is exhibited while increasing p, as shown in Fig. 4(b) . Two resonances representing the bonding mode and the antibonding mode emerge for n ¼ 1 (a helical meta-dimer). One can see that the distance between dipoles plays an important role in the coupling strength, which is represented by the frequency shift of the hybridized modes from the uncoupled ones [19] , [22] . Even though tuning D or p yields a similar effect as scaling the aspect ratio of the helical structure, the distance between two stacked dipoles can only be effectively changed by varying p. Consequently, except the change in resonance frequency due to different D, the frequency shift of either the bonding mode or the antibonding mode due to hybridization exhibits weak dependence on D, which is supported by a similar frequency shift ðÁ! ¼ j! d 1 À ! d 2 jÞ, as shown in Fig. 4(c) . In addition to the resonance shift, resonance broadening can be observed. Such broadening is due to stronger scattering as a result of a larger filling fraction and effective damping owing to retarded coupling among helices [34] , [35] . When varying p from 1200 to 2000 nm, coupling between two stacked dipoles is weakened due to the increase in distance between dipoles. The bonding mode at ! d1 exhibits little blue-shift, while the antibonding mode at ! d 2 experiences larger shift to the lower frequency. The less frequency shift for the bonding mode is due to weaker dependence of the coupling strength on dipolar distance. The coupling strengths are 49, 43, and 39 THz for p ¼ 1200; 1600; 2000 nm, respectively, in which varying p yields stronger coupling strength than varying D, as described by the dipolar interactions.
For helices with n ¼ 1:5 and n ¼ 2, more stacked helical half-pitch units undergo interaction, resulting in more hybridized modes. The superposition of these modes yields a broad resonance stopband, which is featured by a broadband operation of circular polarizers [2] . The symmetric and antisymmetric characteristics of the resonances can be observed by examining the distributions of magnetic field H z for different pitch numbers, as shown in Fig. 5 . For the helix with a pitch number n ¼ 0:5 in Fig. 5(a) , one plasmon mode is exhibited. For the helix with pitch numbers n ¼ 1; 1:5; and 2, as shown in Fig. 5(b)-(d) , several plasmon modes emerge, where the number of nodes increases with frequency [2] . The hybridized modes of a 2-D helix metamaterial array thus exhibit a band feature, which is analogous to the characteristic of molecules in solid [27] . One should notice that coupling between adjacent helices does not result in hybridization. Under normal incidence, the dipoles on an individual helix are induced symmetrically with no phase retardation, whereas the antisymmetric mode cannot be excited due to the zero net dipole moments [36] . Hence, coupling between adjacent helices results in the frequency shift rather than splitting of resonances in the spectra. Coupling among adjacent helices also enhances scattering and leads to stronger effective damping [35] .
For multihelix metamaterials [10] , [12] , [13] , [37] , intertwined helices are organized in close proximity and can be characterized by multiple dipoles that are closely spaced. Additional dipole-dipole coupling is induced, and the resonances are determined by the interactions among coupled electric and magnetic dipoles. We analyze the resonances of a double-helix metamaterial by examining the dipole interactions. The double-helix metamaterial, similar to the single-helix metamaterial, exhibits one resonance at ! 0 0 and more resonances for larger n, as shown in Fig. 6 . Compared with the singlehelix metamaterial, the spectra of the double-helix metamaterial are broader. Such broadening can be attributed to not only the scattering from a denser helix arrangement but also the aforementioned effective damping owing to a strong interaction among helical wires. Due to the intertwined geometry, two helices are arranged with a phase shift of 180 in space. Therefore, a phase shift of the fields in the structure is also induced, associated to the geometrical arrangement of the helices. This can be observed from the current distribution on the intertwined helices at ! the angle between the two dipoles denoted by ' m and ' e in the figure, where ' m þ ' e ¼ 180 . The interaction is repulsive for ' e;m G 90 and attractive for ' e;m 9 90 . Since ' e and ' m are related by the geometry of the helix structure, the shift of the resonances resulting from dipole interactions is thus highly geometry dependent.
A multihelix metamaterial has been proposed to exhibit a broader bandwidth than the single-helix metamaterial [10] . In addition to longitudinal and transverse dipolar coupling between vertically stacked half-pitch helices discussed in a single-helix metamaterial, coupling between dipoles in the intertwined helices also needs to be considered in a double-helix metamaterial. To exemplify, we analyze the resonances of the double-helix metamaterial while varying helix diameter D. The spectra for a one-pitch double-helix metamaterial with D ¼ 600; 900; and 1200 nm are shown in Fig. 8 , where the response of the single-helix metamaterial is also plotted for comparison. While increasing D, the spectra show that the bonding mode at ! [25] , [32] . For a smaller D that results in a smaller ' m and a larger ' e (e.g., 600 nm), the interaction between magnetic dipoles is repulsive while that between electric dipoles is attractive. Both interactions contribute a red-shift of ! 0 d 2 . While increasing D (e.g., 900 nm and 1200 nm), ' m is larger than ' e . The magnetic dipoles become attractive, and the electric dipoles are repulsive. Both interactions contribute a blue-shift of ! 0 d2 . Such analysis can also be applied to inspect the resonance of the helix metamaterial while varying other geometrical parameters. A similar tendency in the resonance shift, for example, can be observed while varying pitch height p (not shown), for the reason of identical variations on ' e and ' m .
Conclusion
In conclusion, plasmon hybridization on the optical properties of the single and double intertwined helix metamaterial is investigated. Our numerical simulation shows that a half-pitch helix can be considered as a Bmeta-atom[ and that more hybridized modes emerge as half-pitch helical units are stacked along the helix axis. The coupling effect results in a broadband spectrum character. More complex dipolar coupling is analyzed in the double-helix metamaterial. Coupling in the intertwined helices leads to a resonance covering a broader bandwidth, which also highly depends on the geometry of the helix structure. Our analysis provides a physical understanding of the resonant behaviors that can guide the design of metallic helix metamaterials and manipulate their resonant properties.
